Introduction and preliminary results {#Sec1}
====================================

The well-known Jensen inequality asserts that for a convex function $\documentclass[12pt]{minimal}
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Steffensen \[[@CR1]\] showed that inequality ([1.1](#Equ1){ref-type=""}) also holds in the case when $\documentclass[12pt]{minimal}
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Boas \[[@CR2]\] gave the integral analog of the Jensen-Steffensen inequality.

Theorem 1.1 {#FPar1}
-----------

\[[@CR2]\]
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The generalization of this result is also given by Boas in \[[@CR2]\]. It is the so-called Jensen-Boas inequality (see also \[[@CR3]\]).
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The following theorem states the well-known Levinson inequality.
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Numerous papers have been devoted to extensions and generalizations of this result, as well as to weakening the assumptions under which inequality ([1.4](#Equ4){ref-type=""}) is valid (see for instance \[[@CR5]--[@CR8]\], and \[[@CR9]\]).
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Remark 1.4 {#FPar4}
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Jakšetić, Pečarić, and Praljak in \[[@CR10]\] gave the following Levinson type generalization of the Jensen-Boas inequality.
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Note that for every continuous concave function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi : [\alpha , \beta ]\rightarrow \mathbb{R}$\end{document}$ inequality ([1.10](#Equ10){ref-type=""}) is reversed, *i.e.* the following corollary holds.

Corollary 1.9 {#FPar9}
-------------
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*Let the conditions from the previous theorem hold*. *Then the following two statements are equivalent*: (1′)*For every continuous concave function* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi : [ \alpha , \beta ]\rightarrow \mathbb{R}$\end{document}$ *the reverse inequality in *([1.10](#Equ10){ref-type=""}) *holds*.(2′)*For all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$s\in [\alpha , \beta ]$\end{document}$ *inequality* ([1.11](#Equ11){ref-type=""}) *holds*, *where the function* *G* *is defined in* ([1.8](#Equ8){ref-type=""}). *Moreover*, *the statements* (1′) *and* (2′) *are also equivalent if we change the sign of inequality in both statements* (1′) *and* (2′).

The main aim of our paper is to give a Levinson type generalization of the result from Theorem [1.8](#FPar8){ref-type="sec"}. In that way, a generalization of Theorem [1.7](#FPar7){ref-type="sec"} for real Stieltjes measure, not necessarily positive nor increasing, will also be obtained.

Main results {#Sec2}
============
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Proof {#FPar11}
-----
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Corollary 2.2 {#FPar12}
-------------
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Remark 2.3 {#FPar13}
----------

It is obvious from the proof of the previous theorem that if we replace the equality ([2.1](#Equ12){ref-type=""}) by a weaker condition $$\documentclass[12pt]{minimal}
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Remark 2.4 {#FPar14}
----------

It is easy to see that Theorem [2.1](#FPar10){ref-type="sec"} further generalizes the Levinson type generalization of the Jensen-Boas inequality given in Theorem [1.7](#FPar7){ref-type="sec"}. Namely, if in Theorem [2.1](#FPar10){ref-type="sec"} we set the functions *f* and *g* to be monotonic, and the functions *λ* and *μ* to satisfy $$\documentclass[12pt]{minimal}
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Discrete case {#Sec3}
=============

In this section we give the results for the discrete case. The proofs are similar to those in the integral case given in the previous section, so we will state these results without the proofs.

In Levinson's inequality ([1.3](#FPar3){ref-type="sec"}) and its generalizations (see \[[@CR5]\]) we see that $\documentclass[12pt]{minimal}
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We already know from the first section that we can represent any function $\documentclass[12pt]{minimal}
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Using that fact the authors in \[[@CR11]\] derived the analogous results of Theorem [1.8](#FPar8){ref-type="sec"} and Corollary [1.9](#FPar9){ref-type="sec"} for discrete case, and here, similarly as in the previous section, we get the following results.

Theorem 3.1 {#FPar15}
-----------
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*Inequality* ([3.3](#Equ20){ref-type=""}) *is reversed if we change the signs of inequalities in* ([3.2](#Equ19){ref-type=""}).

Corollary 3.2 {#FPar16}
-------------
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Remark 3.3 {#FPar17}
----------

Theorem [3.1](#FPar15){ref-type="sec"} is the generalization of Levinson's type inequality given in \[[@CR5]\]. Namely, since the function *G* is convex in both variables, in the case when all $\documentclass[12pt]{minimal}
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Remark 3.4 {#FPar18}
----------

We can replace the equality from the condition ([3.1](#Equ18){ref-type=""}) by a weaker condition in the analogous way as in Remark [2.3](#FPar13){ref-type="sec"} from the previous section.

Converses of the Jensen inequality {#Sec4}
==================================

The Jensen inequality for convex functions implies a whole series of other classical inequalities. One of the most famous ones amongst them is the so-called Edmundson-Lah-Ribarič inequality which states that, for a positive measure *μ* on $\documentclass[12pt]{minimal}
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It was obtained in 1973. by Lah and Ribarič in their paper \[[@CR12]\]. Since then, there have been many papers written on the subject of its generalizations and converses (for instance, see \[[@CR13]\] and \[[@CR3]\]).

In \[[@CR14]\] the authors gave a Levinson type generalization of inequality ([4.1](#Equ21){ref-type=""}) for positive measures. In this section we will obtain a similar result involving signed measures, with a supplementary demand by using the Green function *G* defined in ([1.8](#Equ8){ref-type=""}). In order to do so, we first need to state a result from \[[@CR11]\], which gives us a version of the Edmundson-Lah-Ribarič inequality for signed measures.

Theorem 4.1 {#FPar19}
-----------

\[[@CR11]\]
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Corollary 4.2 {#FPar20}
-------------

\[[@CR11]\]

*Let the conditions from the previous theorem hold*. *Then the following two statements are equivalent*: (1′)*For every continuous concave function* $\documentclass[12pt]{minimal}
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In the following theorem we give the Levinson type generalization of the upper result, and we use a similar method to Section [2](#Sec2){ref-type="sec"} of this paper.

Theorem 4.3 {#FPar21}
-----------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f\colon [a_{1},b_{1}]\to \mathbb{R}$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g\colon [a_{2},b_{2}] \to \mathbb{R}$\end{document}$ *be continuous functions*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[\alpha , \beta ]\subseteq \mathbb{R}$\end{document}$ *an interval and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c\in \langle \alpha ,\beta \rangle $\end{document}$ *such that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f([a_{1},b_{1}])=[m_{1},M_{1}]\subseteq [\alpha , c]$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g([a_{2},b_{2}])=[m_{2},M_{2}]\subseteq [c,\beta ]$\end{document}$, *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$m_{1}\neq M_{1}$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$m_{2}\neq M_{2}$\end{document}$. *Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda \colon [a_{1},b _{1}]\to \mathbb{R}$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mu \colon [a_{2},b_{2}]\to \mathbb{R}$\end{document}$ *be continuous functions or functions of bounded variation such that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda (a_{1})\neq \lambda (b_{1})$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mu (a_{2})\neq \mu (b_{2})$\end{document}$ *and* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} C&:=\frac{M_{1}-\bar{f}}{M_{1}-m_{1}}m_{1}^{2}+\frac{\bar{f}-m_{1}}{M _{1}-m_{1}}M_{1}^{2}- \frac{\int_{a_{1}}^{b_{1}} f^{2}(x)\,d\lambda (x)}{ \int_{a_{1}}^{b_{1}}d\lambda (x)} \\ &=\frac{M_{2}-\bar{g}}{M_{2}-m_{2}}m_{2}^{2}+\frac{\overline{g}-m _{2}}{M_{2}-m_{2}}M_{2}^{2}- \frac{\int_{a_{2}}^{b_{2}} g^{2}(x)\,d\mu (x)}{\int_{a_{2}}^{b_{2}}d\mu (x)}. \end{aligned}$$ \end{document}$$ *If for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$s\in [\alpha ,c]$\end{document}$ *we have* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \frac{\int_{a_{1}}^{b_{1}}G ( f(x),s )\,d\lambda (x)}{\int_{a _{1}}^{b_{1}}d\lambda (x)}\le \frac{M_{1}-\bar{f}}{M_{1}-m_{1}}G(m _{1},s)+ \frac{\bar{f}-m_{1}}{M_{1}-m_{1}}G(M_{1},s) $$\end{document}$$ *and for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$s\in [c,\beta ]$\end{document}$ *we have* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \frac{\int_{a_{2}}^{b_{2}}G ( g(x),s )\,d\mu (x)}{\int_{a_{2}} ^{b_{2}}d\mu (x)}\le \frac{M_{2}-\bar{g}}{M_{2}-m_{2}}G(m_{2},s)+ \frac{ \bar{g}-m_{2}}{M_{2}-m_{2}}G(M_{2},s), $$\end{document}$$ *where the function* *G* *is defined in* ([1.8](#Equ8){ref-type=""}), *then for every continuous function* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi \in \mathcal{K}_{1}^{c}([\alpha ,\beta ])$\end{document}$ *we have* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \frac{M_{1}-\bar{f}}{M_{1}-m_{1}} \varphi (m_{1})+\frac{\bar{f}-m_{1}}{M _{1}-m_{1}}\varphi (M_{1})-\frac{\int_{a_{1}}^{b_{1}} \varphi ( f(x) )\,d\lambda (x)}{\int_{a_{1}}^{b_{1}}d\lambda (x)} \\& \quad \le \frac{D}{2}C \le\frac{M_{2}-\bar{g}}{M_{2}-m_{2}}\varphi (m_{2})+\frac{\overline{g}-m _{2}}{M_{2}-m_{2}}\varphi (M_{2})-\frac{\int_{a_{2}}^{b_{2}}\varphi ( g(x) )\,d\mu (x)}{\int_{a_{2}}^{b_{2}}d\mu (x)}. \end{aligned}$$ \end{document}$$ *The statement also holds if we reverse all signs of inequalities in* ([4.5](#Equ25){ref-type=""}), ([4.6](#Equ26){ref-type=""}) *and* ([4.7](#Equ27){ref-type=""}).

Proof {#FPar22}
-----
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                \begin{document} $$\begin{aligned}& \frac{M_{1}-\bar{f}}{M_{1}-m_{1}} \varphi (m_{1})+\frac{\bar{f}-m_{1}}{M _{1}-m_{1}}\varphi (M_{1})-\frac{\int_{a_{1}}^{b_{1}} \varphi ( f(x) )\,d\lambda (x)}{\int_{a_{1}}^{b_{1}}d\lambda (x)} \\& \quad \le \dfrac{D}{2} \biggl[ \frac{M_{1}-\bar{f}}{M_{1}-m_{1}}m_{1}^{2}+ \frac{ \bar{f}-m_{1}}{M_{1}-m_{1}}M_{1}^{2}-\frac{\int_{a_{1}}^{b_{1}} f^{2}(x)\,d\lambda (x)}{\int_{a_{1}}^{b_{1}}d\lambda (x)} \biggr] . \end{aligned}$$ \end{document}$$ Since the function *ϕ* is continuous and convex on $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \frac{D}{2} & \biggl[ \frac{M_{2}-\bar{g}}{M_{2}-m_{2}}m_{2}^{2}+ \frac{ \bar{g}-m_{2}}{M_{2}-m_{2}}M_{2}^{2}-\frac{\int_{a_{2}}^{b_{2}} g^{2}(x)\,d\mu (x)}{\int_{a_{2}}^{b_{2}}d\mu (x)} \biggr] \\ & \le \frac{M_{2}-\bar{g}}{M_{2}-m_{2}}\varphi (m_{2})+\frac{\bar{g}-m _{2}}{M_{2}-m_{2}}\varphi (M_{2})-\frac{\int_{a_{2}}^{b_{2}} \varphi ( g(x) )\,d\mu (x)}{\int_{a_{2}}^{b_{2}}d\mu (x)}. \end{aligned}$$ \end{document}$$ Inequality ([4.7](#Equ27){ref-type=""}) follows directly by combining inequalities ([4.8](#Equ28){ref-type=""}) and ([4.9](#Equ29){ref-type=""}), and taking into account the condition ([4.4](#Equ24){ref-type=""}). □

Corollary 4.4 {#FPar23}
-------------

*Let the conditions from the previous theorem hold*. (i)*If for all* $\documentclass[12pt]{minimal}
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                \begin{document}$\varphi \in \mathcal{K}_{2}^{c}([\alpha ,\beta ])$\end{document}$ *the inequalities in* ([4.7](#Equ27){ref-type=""}) *hold*.

Remark 4.5 {#FPar24}
----------

It is obvious from the proof of the previous theorem that if we replace the equality ([4.4](#Equ24){ref-type=""}) by a weaker condition $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& C_{1}: = \frac{D}{2} \biggl[ \frac{M_{1}-\bar{f}}{M_{1}-m_{1}}m_{1}^{2}+ \frac{ \bar{f}-m_{1}}{M_{1}-m_{1}}M_{1}^{2}-\frac{\int_{a_{1}}^{b_{1}} f^{2}(x)\,d\lambda (x)}{\int_{a_{1}}^{b_{1}}d\lambda (x)} \biggr] \\& \quad \le C_{2}:=\frac{D}{2} \biggl[\frac{M_{2}-\bar{g}}{M_{2}-m_{2}}m_{2} ^{2}+\frac{\overline{g}-m_{2}}{M_{2}-m_{2}}M_{2}^{2}-\frac{\int_{a _{2}}^{b_{2}} g^{2}(x)\,d\mu (x)}{\int_{a_{2}}^{b_{2}}d\mu (x)} \biggr], \end{aligned}$$ \end{document}$$ then ([4.7](#Equ27){ref-type=""}) becomes $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \frac{M_{1}-\bar{f}}{M_{1}-m_{1}} \varphi (m_{1})+\frac{\bar{f}-m_{1}}{M_{1}-m_{1}}\varphi (M_{1})-\frac{\int_{a_{1}}^{b_{1}} \varphi ( f(x) )\,d\lambda (x)}{\int_{a_{1}}^{b_{1}}d\lambda (x)} \\& \quad \le C_{1} \le C_{2}\le \frac{M_{2}-\bar{g}}{M_{2}-m_{2}}\varphi (m_{2})+\frac{\overline{g}-m_{2}}{M_{2}-m_{2}}\varphi (M_{2})-\frac{\int_{a_{2}}^{b_{2}}\varphi ( g(x) )\,d\mu (x)}{\int_{a_{2}}^{b_{2}}d\mu (x)}. \end{aligned}$$ \end{document}$$ Since $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \frac{M_{1}-\bar{f}}{M_{1}-m_{1}} m_{1}^{2}+\frac{\bar{f}-m_{1}}{M _{1}-m_{1}}M_{1}^{2}- \frac{\int_{a_{1}}^{b_{1}} f^{2}(x)\,d\lambda (x)}{ \int_{a_{1}}^{b_{1}}d\lambda (x)} \\& \quad \le \frac{M_{2}-\bar{g}}{M_{2}-m_{2}}m_{2}^{2}+\frac{\overline{g}-m_{2}}{M_{2}-m_{2}}M_{2}^{2}-\frac{\int_{a_{2}}^{b_{2}} g^{2}(x)\,d\mu (x)}{\int_{a_{2}}^{b_{2}}d\mu (x)} . \end{aligned}$$ \end{document}$$

Discrete form of the converses of the Jensen inequality {#Sec5}
=======================================================

In this section we give the Levinson type generalization for converses of Jensen's inequality in discrete case. The proofs are similar to those in the integral case given in the previous section, so we give these results with the proofs omitted.

As we can represent any function $\documentclass[12pt]{minimal}
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                \begin{document}$\varphi \in C^{2} ( [\alpha , \beta ] ) $\end{document}$, in the form ([1.9](#Equ9){ref-type=""}), where the function *G* is defined in ([1.8](#Equ8){ref-type=""}), by some calculation it is easy to show that the following holds: $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \frac{1}{P_{n}}\sum_{i=1}^{n} p_{i} \varphi (x_{i})- \frac{b- \bar{x}}{b-a}\varphi (a)- \frac{\bar{x}-a}{b-a}\varphi (b) \\& \quad = \int_{\alpha }^{\beta} \Biggl( \frac{1}{P_{n}}\sum _{i=1}^{n} p_{i} G(x _{i},s)- \frac{b-\bar{x}}{b-a}G(a,s)-\frac{\bar{x}-a}{b-a}G(b,s) \Biggr) \varphi ''(s)\,ds. \end{aligned}$$ \end{document}$$ Using that fact the authors in \[[@CR11]\] derived analogous results of Theorem [4.1](#FPar19){ref-type="sec"} and Corollary [4.2](#FPar20){ref-type="sec"} for discrete case.

In \[[@CR14]\] the authors obtained the following Levinson type generalization of the discrete Edmundson-Lah-Ribarič inequality.

Theorem 5.1 {#FPar25}
-----------

\[[@CR14]\]
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                \begin{document} $$\begin{aligned} \dfrac{A-\bar{x}}{A-a}a^{2}+\dfrac{\bar{x}-a}{A-a}A^{2}-\sum _{i=1} ^{n}p_{i}x_{i}^{2} &=\dfrac{B-\bar{y}}{B-b}b^{2}+ \dfrac{\bar{y}-b}{B-b}B^{2}-\sum _{j=1}^{m}q_{j}y_{j}^{2}, \end{aligned}$$ \end{document}$$ *where* $\documentclass[12pt]{minimal}
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Our first result is a generalization of the result from \[[@CR14]\] stated above, in which it is allowed for $\documentclass[12pt]{minimal}
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                \begin{document}$x_{i},y_{j}$\end{document}$ given by using the Green function *G* defined in ([1.8](#Equ8){ref-type=""}).

Theorem 5.2 {#FPar26}
-----------
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Remark 5.3 {#FPar27}
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Corollary 5.4 {#FPar28}
-------------
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Remark 5.5 {#FPar29}
----------

We can replace the equality from the condition ([5.1](#Equ31){ref-type=""}) by a weaker condition in the analogous way as in Remark [4.5](#FPar24){ref-type="sec"} from the previous chapter.

The Hermite-Hadamard inequality {#Sec6}
===============================

The classical Hermite-Hadamard inequality states that for a convex function $\documentclass[12pt]{minimal}
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Its weighted form is proved by Fejér in \[[@CR15]\]: If $\documentclass[12pt]{minimal}
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Fink in \[[@CR16]\] discussed the generalization of ([6.1](#Equ35){ref-type=""}) by separately looking the left and right side of the inequality and considering certain signed measures. In their paper \[[@CR17]\], the authors gave a complete characterization of the right side of the Hermite-Hadamard inequality.

Rodić Lipanović, Pečarić, and Perić in \[[@CR11]\] obtained the complete characterization for the left and the right side of the generalized Hermite-Hadamard inequality for the real Stieltjes measure.

In this section a Levinson type generalization of the Hermite-Hadamard inequality for signed measures will be given as a consequence of the results given in Sections [2](#Sec2){ref-type="sec"} and [4](#Sec4){ref-type="sec"}.
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Corollary 6.1 {#FPar30}
-------------
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Remark 6.2 {#FPar31}
----------
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Note that for the Levinson type generalization of the left-side inequality of the generalized Hermite-Hadamard inequality it is necessary to demand that $\documentclass[12pt]{minimal}
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Remark 6.3 {#FPar32}
----------
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Similarly, from the results given in the fourth section we get the Levinson type generalization of the right-side inequality of the generalized Hermite-Hadamard inequality. Here we allow that the mean value *x̃* goes outside of the interval $\documentclass[12pt]{minimal}
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Corollary 6.4 {#FPar33}
-------------
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Remark 6.6 {#FPar35}
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Corollary 6.7 {#FPar36}
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The inequalities of Giaccardi and Petrović {#Sec7}
==========================================

The well-known Petrović inequality \[[@CR18]\] for convex function $\documentclass[12pt]{minimal}
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The following generalization of ([7.1](#Equ44){ref-type=""}) is given by Giaccardi (see \[[@CR3]\] and \[[@CR19]\]).

Theorem 7.1 {#FPar37}
-----------

Giaccardi, \[[@CR19]\]
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In this section we will use an analogous technique as in the previous sections to obtain a Levinson type generalization of the Giaccardi inequality for *n*-tuples **p** of real numbers which are not necessarily nonnegative. As a simple consequence, we will obtain a Levinson type generalization of the original Giaccardi inequality ([7.2](#Equ45){ref-type=""}). In order to do so, we first need to state two results from \[[@CR11]\].

Theorem 7.2 {#FPar38}
-----------

\[[@CR11]\]
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Corollary 7.3 {#FPar39}
-------------

\[[@CR11]\]
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Our first result is a Levinson type generalization of the Giaccardi inequality for *n*-tuples **p** and *m*-tuples **q** of arbitrary real numbers instead of nonnegative real numbers.

Theorem 7.4 {#FPar40}
-----------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[\alpha , \beta ]\subseteq \mathbb{R}$\end{document}$ *be an interval and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c\in \langle \alpha ,\beta \rangle $\end{document}$ *such that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[a_{1},b_{1}]\subseteq [\alpha , c]$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[a_{2},b_{2}]\subseteq [c,\beta ]$\end{document}$. *Let* **p** *and* **x** *be* *n*-*tuples of real numbers*, *and let* **q** *and* **y** *be* *m*-*tuples of real numbers such that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$P_{n}=\sum_{i=1} ^{n}p_{i}\neq 0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Q_{m}=\sum_{i=1}^{m}q_{i}\neq 0$\end{document}$, *and* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned} &(x_{j}-x_{0}) \Biggl( \sum_{i=1}^{n}p_{i}x_{i}-x_{j} \Biggr) \ge 0 \quad (j=1,\ldots,n); \\ &x_{0}, \qquad \sum_{i=1}^{n} p_{i}x_{i} \in [a_{1},b_{1}]; \qquad \sum_{i=1}^{n}p_{i}x_{i} \neq x_{0}; \\ &(y_{j}-y_{0}) \Biggl( \sum_{i=1}^{m}q_{i}y_{i}-y_{j} \Biggr) \ge 0 \quad (j=1,\ldots,m); \\ &y_{0}, \qquad \sum_{i=1}^{m} q_{i}y_{i} \in [a_{2},b_{2}]; \qquad \sum_{i=1}^{m}q_{i}y_{i} \neq y_{0}. \end{aligned} $$\end{document}$$ *Let* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} C&:=A_{1} \Biggl( \sum_{i=1}^{n}p_{i}x_{i} \Biggr) ^{2}+B_{1} \Biggl( \sum _{i=1}^{n}p_{i}-1 \Biggr) x_{0}^{2}-\sum_{i=1}^{n}p_{i}x_{i}^{2} \\ &=A_{2} \Biggl( \sum_{j=1}^{m}q_{j}y_{j} \Biggr) ^{2}+B_{2} \Biggl( \sum_{j=1} ^{m}q_{j}-1 \Biggr) y_{0}^{2}-\sum _{j=1}^{m}q_{j}y_{j}^{2}, \end{aligned}$$ \end{document}$$ *where* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned} A_{1} =\dfrac{\sum_{i=1}^{n} p_{i}(x_{i}-x_{0})}{\sum_{i=1}^{n} p_{i}x _{i}-x_{0}}, \qquad B_{1}=\dfrac{\sum_{i=1}^{n} p_{i}x_{i}}{\sum_{i=1}^{n} p_{i}x_{i}-x_{0}}, \\ A_{2} =\dfrac{\sum_{j=1}^{m} q_{j}(y_{j}-y_{0})}{\sum_{j=1}^{m} q _{j}y_{j}-y_{0}}, \qquad B_{2}=\dfrac{\sum_{j=1}^{m}q_{j}y_{j}}{\sum_{j=1} ^{m}q_{j}y_{j}-y_{0}}. \end{aligned} $$\end{document}$$ *If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$P_{n}\cdot Q_{m}>0$\end{document}$ *and for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$s\in [\alpha ,\beta ]$\end{document}$ *and the function* *G* *defined in* ([1.8](#Equ8){ref-type=""}) *the inequalities* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \sum_{i=1}^{n} p_{i} G(x_{i},s) \le A_{1}G \Biggl( \sum _{i=1}^{n}p_{i}x _{i},s \Biggr) +B_{1} \Biggl( \sum_{i=1}^{n}p_{i}-1 \Biggr) G(x_{0},s), \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \sum_{j=1}^{m} q_{j} G(y_{j},s) \le A_{2}G \Biggl( \sum _{j=1}^{m}q_{j}y _{j},s \Biggr) +B_{2} \Biggl( \sum_{j=1}^{m}q_{j}-1 \Biggr) G(y_{0},s), \end{aligned}$$ \end{document}$$ *hold*, *then for every continuous function* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi \in \mathcal{K}_{1} ^{c}([\alpha ,\beta ])$\end{document}$ *we have* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& A_{1}\varphi \Biggl( \sum_{i=1}^{n}p_{i}x_{i} \Biggr)+ B_{1} \Biggl( \sum_{i=1}^{n} p_{i}-1 \Biggr) \varphi(x_{0})-\sum_{i=1}^{n}p_{i}\varphi (x_{i}) \\& \quad \le \frac{D}{2}C\le A_{2}\varphi \Biggl( \sum_{j=1}^{m} q_{j}y_{j} \Biggr)+B_{2} \Biggl( \sum _{j=1}^{m} q_{j}-1 \Biggr) \varphi (y_{0})-\sum_{j=1}^{m} q_{j} \varphi (y_{j}) . \end{aligned}$$ \end{document}$$ *The statement also holds if we reverse all signs of the inequalities in* ([7.8](#Equ51){ref-type=""}), ([7.9](#Equ52){ref-type=""}), *and* ([7.10](#Equ53){ref-type=""}).

Proof {#FPar41}
-----
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Corollary 7.5 {#FPar42}
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Corollary 7.6 {#FPar43}
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Remark 7.7 {#FPar44}
----------
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Remark 7.8 {#FPar45}
----------
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Mean-value theorems {#Sec8}
===================
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Motivated by the results obtained in previous sections, we define the following linear functionals which, respectively, represent the difference between the right and the left side of inequalities ([2.3](#Equ14){ref-type=""}) and ([4.7](#Equ27){ref-type=""}): $$\documentclass[12pt]{minimal}
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In the following two theorems we give the mean-value theorems of the Lagrange and Cauchy type, respectively.

Theorem 8.1 {#FPar46}
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Proof {#FPar47}
-----
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Theorem 8.2 {#FPar48}
-----------
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-----

Let us define a function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\chi \in C^{3}([\alpha , \beta ])$\end{document}$ by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\chi (x)=\Gamma_{J} (\psi )\varphi (x)-\Gamma_{J} ( \varphi )\psi (x)$\end{document}$. Due to the linearity of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Gamma_{J} $\end{document}$ we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Gamma_{J} (\chi )=0$\end{document}$. Theorem [8.1](#FPar46){ref-type="sec"} implies that there exist $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\xi_{1}, \xi \in [\alpha ,\beta ]$\end{document}$ such that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \Gamma_{J} (\chi )=\dfrac{\chi '''(\xi_{1})}{6}\Gamma_{J} ( \tilde{ \varphi }), \\& \Gamma_{J} (\psi )=\dfrac{\psi '''(\xi )}{6}\Gamma_{J} ( \tilde{ \varphi }), \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\tilde{\varphi }(x)=x^{3}$\end{document}$. Now we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Gamma_{J} ( \tilde{\varphi })\neq 0$\end{document}$, because otherwise we would have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Gamma_{J} (\psi )=0$\end{document}$, which is a contradiction with the assumption $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Gamma_{J} ( \psi )\neq 0$\end{document}$. So we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \chi '''(\xi_{1})= \Gamma_{J} (\psi )\varphi '''( \xi_{1})-\Gamma_{J} ( \varphi )\psi '''( \xi_{1})=0, \end{aligned}$$ \end{document}$$ and this gives us the first claim of the theorem. The second claim is proved in an analogous manner, by observing the linear functional $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Gamma_{\mathrm{ELR}}$\end{document}$ instead of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Gamma_{J}$\end{document}$. □

Remark 8.3 {#FPar50}
----------
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Remark 8.5 {#FPar52}
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Discrete case {#Sec9}
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The following two results are mean-value theorems of the Lagrange and Cauchy type, respectively, and they are obtained in an analogous way to the theorems of the same type in the previous sections, so we omit the proof.

### Theorem 8.6 {#FPar53}
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### Theorem 8.7 {#FPar54}
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